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Abstract

In view of the practical importance of the drift-flux model for two-phase flow analysis in general and in the analysis
of nuclear-reactor transients and accidents in particular, the kinematic constitutive equation for the drift velocity has
been studied for various two-phase flow regimes. The constitutive equations that specify the relative motion between
phases in the drift-flux model has been derived by taking into account the interfacial geometry, the body-force field, the
shear stresses, the interfacial momentum transfer and the wall friction, since these macroscopic effects govern the
relative velocity between phases. A comparison of the models with existing experimental data shows a satisfactory

agreement.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Two-phase flows always involve some relative mo-
tion of one phase with respect to the other; therefore, a
two-phase-flow problem should be formulated in terms
of two velocity fields. A general transient two-phase-
flow problem can be formulated by using a two-fluid
model [1,2] or a drift-flux model [3,4], depending on the
degree of the dynamic coupling between the phases. In
the two-fluid model, each phase is considered separately;
hence the model is formulated in terms of two sets of
conservation equations governing the balance of mass,
momentum, and energy of each phase. However, an
introduction of two momentum equations in a formu-
lation, as in the case of the two-fluid model, presents
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considerable difficulties because of mathematical com-
plications and of uncertainties in specifying interfacial
interaction terms between two phases [1,2]. Numerical
instabilities caused by improper choice of interfacial-
interaction terms in the phase-momentum equations are
common; therefore careful studies on the interfacial
constitutive equations are required in the formulation of
the two-fluid model.

These difficulties associated with a two-fluid model
can be significantly reduced by formulating two-phase
problems in terms of the drift-flux model, in which the
motion of the whole mixture is expressed by the mixture
momentum equation and the relative motion between
phases is taken into account by a kinematic constitutive
equation. Therefore, the basic concept of the drift-flux
model is to consider the mixture as a whole, rather than
as two separated phases. The formulation of the drift-
flux model based on the mixture balance equations is
simpler than the two-fluid model based on the separate
balance equations for each phase. The most important
assumption associated with the drift-flux model is that
the dynamics of two phases can be expressed by the
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Nomenclature

cross-sectional area

c coefficient

Co distribution parameter

C asymptotic value of Cp

Cp drag coeflicient in multi-bubble system

Ch drag coefficient in multi-bubble system

Cpwo drag coeflicient in single-bubble system

C, distribution parameter for momentum

D diameter of a pipe

Dy hydraulic equivalent diameter of flow
channel

Dgm Sauter mean diameter

Dgn non-dimensional Sauter mean diameter

Ey prediction error

Em prediction error

F quantity

f friction factor
S ({ag)) function
F

b drag force

g gravitational acceleration

h enthalpy

h mean enthalpy

Jj superficial velocity

Lo Laplace length

Lo non-dimensional Laplace length

M? interfacial shear force

Mg frictional pressure gradient in multi-bubble
system

Mg frictional pressure gradient in single-bubble
system

M; interfacial drag

M, gradient of normal components of stress
tensor in axial direction

p pressure

0 volume flow rate

q conduction heat flux

q’ turbulent heat flux

e wall heat flux

R pipe radius

b bubble radius

Re Reynolds number

Re bubble Reynolds number

Re* Reynolds number in multi-bubble system

Re’, Reynolds number in single-bubble system

time

velocity

mean velocity

drift velocity of gas phase

mean drift velocity of gas phase

relative velocity between phases in multi-
bubble system

relative velocity between phases in single-
bubble system

z axial distance

T YT T

K]
8

Greek symbols

o phase fraction or void fraction

r mass source

Ahge enthalpy difference

Ap density difference between phases

e energy dissipation rate per unit mass
u viscosity

<

kinematic viscosity

én heated perimeter

o density

o surface tension

T viscous stress

7 turbulent diffusion flux of momentum
T interfacial shear stress

T, normal viscous stress

L normal turbulent stress

or energy dissipation

W property

Subscripts

f liquid phase

g gas phase

i value at interface

k k phase

1 laminar flow

m weighted mean mixture property
t turbulent flow

w value at wall

z z-component

Mathematical symbols

®) area averaged value
{n weighted mean value
COV  covariance

mixture-momentum equation with the kinematic con-
stitutive equation specifying the relative motion between
phases. The use of the drift-flux model is appropriate
when the motions of two phases are strongly coupled.
In the drift-flux model, the velocity fields are ex-
pressed in terms of the mixture center-of-mass velocity
and the drift velocity of the vapor phase, which is the

vapor velocity with respect to the volume center of the
mixture. The effects of thermal non-equilibrium are ac-
commodated in the drift-flux model by a constitutive
equation for phase change that specifies the rate of mass
transfer per unit volume. Since the rates of mass and
momentum transfer at the interfaces depend on the
structure of two-phase flows, these constitutive equa-
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tions for the drift velocity and the vapor generation are
functions of flow regimes.

The drift-flux model is an approximate formulation
in comparison with the more rigorous two-fluid formu-
lation. However, because of its simplicity and applica-
bility to a wide range of two-phase-flow problems of
practical interest, the drift-flux model is of considerable
importance. In particular, the model is useful for tran-
sient thermohydraulic and accident analyses of both
LWR’s and LMFBR’s [4]. In view of the practical im-
portance of the drift-flux model for two-phase-flow an-
alyses, the constitutive equations that specify the relative
motion between phases in the drift-flux model have been
derived by Ishii [4] by taking into account the interfacial
geometry, the body-force field, shear stresses, and the
interfacial momentum transfer, since these macroscopic
effects govern the relative velocity between phases.
To derive the simplified one-dimensional constitutive
equations specifying the one-dimensional drift velocity,
Ishii [4] assumed that the average drift velocity due to
the local slip can be predicted by the same expression as
the local constitutive relations, provided the local void
fraction and the difference of the stress gradient are re-
placed by average values. The validity of the constitutive
equations developed by Ishii [4] has been supported by
various experimental data over various flow regimes and
a wide range of flow parameters. However, it is antici-
pated that such simplified one-dimensional constitutive
equations may not give a good prediction in some ex-
treme flow conditions such as very high liquid flow and
microgravity conditions where the effect of the wall
shear stress on the relative velocity between phases may
become significant. From this point of view, the purpose
of the present study is to derive more rigorous constit-
utive equations specifying the one-dimensional drift ve-
locity by taking into account the wall shear stress. The
derived constitutive equations are validated by existing
experimental data.

2. One-dimensional drift-flux model

Averaging over the cross-sectional area is useful for
complicated engineering problems involving fluid flow
and heat transfer, since field equations can be reduced to
quasi-one-dimensional forms. By area averaging, the
information on changes of variables in the direction
normal to the mean flow within a channel is basically
lost; therefore, the transfer of momentum and energy
between the wall and the fluid should be expressed by
empirical correlations or by simplified models. The ra-
tional approach to obtain a one-dimensional model is to
integrate the three-dimensional model over a cross-
sectional area and then to introduce proper mean values.

A simple area average over the cross-sectional area,
A, is defined by

(F) :%/AFdA, (1)

and the void-fraction-weighted mean value is given by
((F)) = (oucFic} / {oue).- )

Here, (F) and «y are a simple area average of a quantity
and the conventional time- (or ensemble)-averaged local
void fraction, respectively. The component k denotes
either the liquid (k =f) or the gas phase (k=g).

In the present analysis, the density of each phase, p,
and p, within any cross-sectional area is considered to be
uniform, so that p, = ((p,)). For most practical two-
phase flow problems, this assumption is valid since the
transverse pressure gradient within a channel is rela-
tively small. The detailed analysis without this approx-
imation appears in Ref. [5]. Under the above simplifying
assumption, the average mixture density is given by

(Pm) = (#e)py + (1 = (o)) - 3)

The axial component of the weighted mean velocity
of phase k is

_ o) (i)
<<vk>> - <9(k> - <ka> . (4)

Then, the mixture velocity is defined by

C (parm) o) + (1 e (o)
T =) o) 0

and the volumetric flux is given by
() = (e + Ur) = (o) {{vg)) + (1 = {atg)) ((vr))- (6)

The mean mixture enthalpy should also be weighted by
the density; thus,

_ (puhm) (o) pe{Chg)) + (1 = (o)) o (Cr)) ™)
— {Pw) (Pm) '

The vapor drift velocity of a gas phase is defined as the
velocity of the dispersed phase with respect to the vol-
ume center of the mixture:

Vej = Vg — J. (8)
The appropriate mean drift velocity is defined by

Vo = ((e)) = U) = (1 = (o)) (((ve)) — ((ur)))

m

= ((Fg)) + (Co — D) (), )
where

) :<%Vg/‘>
() =20 (10)
and

_ (o))
= ) ()

The experimental determination of the above-defined
drift velocity is possible if the volume flow rate of each
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phase, O and the mean void fraction (¢,) are measured.

This is because Eq. (9) can be transformed into

- _Us) .

Ty = 25— (U) + U, (12
{otg)

where (ji) is given by (jx) = Ox/A. Furthermore, the

present definition of the drift velocity can also be used

for annular two-phase flows. Under the definitions of

various velocity fields, we obtain several important

relations, such as

((vg)) = B + <[ff>@, (13)
() =~ 8 T, (14)
and

) =7+ (og) (pr — Pg) 7 (15)

(Om)

In the drift-flux formulation, a problem is solved for ()
and o, with a given constitutive relation for V,;. Thus,
Eqgs. (13) and (14) can be used to recover a solution for
the velocity of each phase after a problem is solved.

By area-averaging three-dimensional form of the
drift-flux model [2] and using the various mean values,
we obtain:

Mixture continuity equation:

{pm) , O L
o 3, (o)) = 0. (16)

Continuity equation for dispersed phase:

a<°‘g>/’g 0 . 0 <°‘g>.0g.0f—
01 2 (o) = (1) - 5 (807,

(17)
Mixture momentum equation:

Bpu)im O, s
ot +aZ(<pm>Um )

0 o . A
- &@m> +§ <TZZ + Tzz> <pm>g2 E<pm>vm|vm‘

0 (0g)pgpr  ——2] 0 :
& [Tt ¥ | OV

(18)
Mixluz enthalpy-energy equation:
Wpmllin -2 (g i)
= % {g+4q")+ qgfh - % <a<g;f>pf Ahy Vy
_ % [wi)ig)pf Ahyg V_g,} —% zk: COV (oy py xcvy)
+a(gtm> N {%Jr <ag>(</;fm; pg)g} a<apzm> (o).

(19)

Here, 7.+ 1. denotes the normal components of
the stress tensor in the axial direction and Ahg is
the enthalpy difference between phases; thus, Ahy =
((hg)) — ((he)). gz, & and Pk are the z-component of the
gravitational acceleration, the heated perimeter and the
mixture-energy dissipation, respectively. The covariance
terms represent the difference between the average of a
product and the product of the average of two variables
such that COV (ap ¥, vx) = (oo ¥y (v — ((vx)))) where
Y, represents the property of k phase. If the profile of
either Y, or vy is flat, then the covariance term reduces to
zero. The term represented by fum{om)om|vm|/(2D) in Eq.
(18) is the two-phase frictional pressure drop. We note
here that the effects of the mass, momentum, and energy
diffusion associated with the relative motion between
phases appear explicitly in the field equations are ex-
pressed in terms of the mixture velocity. These effects of
diffusions in the present formulation are expressed in
terms of the drift velocity of the dispersed phase, V;.
This may be formulated in a functional form as

@ = E«O‘g% (Pm%gz,ﬁ, etC.). (20)

To take into account the mass transfer across the
interfaces, a constitutive equation for mass source for
gas phase, (I'y), should also be given. In a functional
form, this phase-change constitutive equation may be
written as

(1) = () () o) 7 22 ) @

The above formulation can be extended to non-
dispersed two-phase flows, such as an annular flow,
provided a proper constitutive relation for a drift ve-
locity of one of the phases is given. In what follows, the
constitutive equations specifying the one-dimensional
drift velocity will be derived by taking into account the
wall shear stress.

3. One-dimensional drift velocity
3.1. Dispersed two-phase flow

3.1.1. Relative motion in single-bubble system in confined
channel

Recently, Tomiyama et al. [6] derived the relative
velocity in a confined channel by taking into account the
effect of a frictional pressure gradient due to a liquid
flow. In what follows, we shall summarize the result in a
simple form useful for the development of the drift
constitutive equation in multi-bubble systems.

By denoting the relative velocity of a single bubble in
an infinite medium by v, = vy — Vg, We define the drag
coefficient by

2Fp

CDoo = T T a2
pfvrrx;|vroc|7[rb

(22)
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where Fp and r, are the drag force and the radius of a
bubble, respectively. Clift et al. [7] indicated that the
effect of the pipe wall on Cp,, is negligible if the ratio of
the bubble diameter, r4 to the pipe radius, R, is less than
0.125. Hence, assuming the negligible effect of the pipe
wall on Cp., the momentum equation for the fully-
developed liquid flow can be written as

dp
0= _E_MFOC — P&z, (23)
where Mg, is the frictional pressure gradient given by
S
Mgo = Ept‘@f)zv (24)

where /" and D are the wall friction factor and the pipe
diameter, respectively. The momentum equation for the
bubble can be written as

d 3 C o0 Ur@@ Urf)o
0= __p__LH_pggZ_ (25)

Then from Egs. (23) and (25), we obtain

"o

vroc|l7roo| = g C (Apgz + MFoc) (26)

Doo Pf

3.1.2. One-dimensional relative velocity of dispersed flow
in confined channel

For a dispersed two-phase flow, the averaged inter-
facial drag term could be given approximately by [8]

2 ) o) (). (27)
(rv)
The above approximate form is obtained based on the
experimental observation that the local relative velocity,
v, 18 comparatively uniform across a flow channel [9].
The one-dimensional interfacial drag force of the gas
phase, (M,,), can be derived from the one-dimensional
momentum equation by integrating the three-dimen-
sional momentum equation over the flow channel.
Under the assumption that the averaged pressure in the
bulk fluid and at the interface is approximately the same,
we obtain the three-dimensional momentum equation
as

(Mig) = —

ol W

Qo Py Uk
— V-
ot

= - Vp + V- {O(k <ﬁ + ﬁT>} + o p 8

(O(kpk U_k)v_lz)

+ T T+ My — Vo - 75, (28)
where T, 7' and 7; are the viscous stresses, the turbulent
diffusion flux of momentum and the interfacial shear
stress, respectively. The subscript of ki denotes the value
at the interface for phase k.

By area-averaging Eq. (28), and making some sim-
plifications, which are applicable to most practical

problems, the following one-dimensional momentum
equation can be obtained [8]:

2 ) + o Cuclondprd ()

= (o) 52 ) 5 (o) (e )
_ 4O‘kWTkw

o (e + (M) (o)) + (M), (29)

where oy, and 1y, are the mean void fraction at the wall
and the wall shear stress, respectively. (M{) is the total
interfacial shear force given by

(M) = (My — Vo - 7). (30)

In the convective term, the distribution parameter for
the k-phase momentum, Cy, appears due to the differ-
ence between the average of a product of variables and
the product of averaged variables.

Under the steady-state condition without phase
change ((I'y) =0) and with negligible transverse pres-
sure gradient, ie., ((pr)) = ((Pe)) = ({(pm(z))), and the
assumption that the averaged pressure and stress in
the bulk fluid and at the interface are approximately the
same, the one-dimensional momentum equation for
phase k can be reduced from Eq. (29) to

0= (o) g {{pm)) — () M) — 22T

- <O‘k>pkgz + <Mik>7 (31)
where
(My) = % (T + 1)) (32)
Consequently, we obtain
0= (o) g {pm) — (o) () — 22200

- <°‘g>pggz + (M), (33)
and
0= () oo ) — o) () — 220

— (o) prg: + (Mi). (34)

However, from the macroscopic jump condition at the
interface, we have

(Mig) + (Myr) = 0. (35)

Thus, by eliminating the interfacial forces from the
above two equations, we get

2 () = e — (M)~ FrTer BT )
where
(M) = (o) M) + (o) (M) (37)
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From Egs. (33) and (36), we obtain
(Mig) = —(ag) {Apgz(l — (o)) + (M) — (M)

Aoy Tr 1 — (o) 40ty Taw
- . 38
D ) D (38)

Without phase change, a,, =0 and ag, = 1. Thus, Eq.
(38) can be simplified to

(Mig) = —{ag) [Apgzu o)) (1 — (o) (M)

— (My)) +4ﬂ}

X (39)

For a fully developed vertical flow, the stress distri-
bution in the fluid and in the dispersed phase should be
similar and the values of (M,,) and (M) are generally
small [4]; thus the effect of the shear gradient on the
mean local drift velocity can be neglected.

414
()~ ()| 8p.(1 = () +
= —(o)[Apg:(1 — () + Me], (40)
where
_ Atgy dp
o=t () a
Substituting Eq. (41) into Eq. (27) yields
8 (o)
== Apg.(1 — (o .
(00| = 5 oo {Ap:(1 = (o)) + Me) (42)
From Egs. (26) and (42), we get
Cox(Rey) _ (<Ur> )2 Apg: + Mo 3)
Cp(Re?) Vo ) Apg(1 — (o)) + My’
where the Reynolds numbers are defined as
Rel = ZroPrtes and Re' = 72(rb)pf(vr>. (44)
g Hm

Now let us assume that in the Newton regime a
complete similarity exists between Cps based on Re,
and Cp based on Re* so that Cp has exactly the same
functional form in terms of Re* as Cp in terms of Re’,
[4]. We also assume that Cp,/Cp can be predicted by
the same expression as the local constitutive relation,
provided the local values of flow parameters are re-
placed by area-averaged values [4]. Then, we obtain

(V) = (1 = (ee)){vr)

R, 18.67
= ool = )G

(45)

where f'((o,)) is defined by

Apg.(1 = () + Me | 2

— K
S (o) = .

Here, p,/p is the ratio of mixture viscosity to fluid
viscosity. For p, < g the viscosity ratio is approxi-
mated by [4]

e (1= (). (47)
e

The distorted-bubbly-flow regime is characterized by
the distortion of the bubble shapes and irregular mo-
tions. In this regime, the terminal velocity may be in-
dependent of bubble size [4]. From this it can be seen
that the drag coefficient, Cp,,, may not depend on the
viscosity, but should be proportional to the radius of the
bubble. Physically, this indicates that the drag force is
governed by the distortion and swerving motion of the
bubble, and the change of the bubble shape is toward an
increase in the effective cross-section. Therefore, Cp,,
should be scaled by the mean radius of the bubble rather
than the Reynolds number [4]. Then,

4 A M,
Coe = g”b* /m’ (48)
o

where o is the surface tension. From Egs. (26) and (48),
we get

Vroo = \/i{(AngJ’W}w. (49)

pi

In considering the drag coefficient for a multi-bubble
system with the same radius, we must take into account
the restrictions imposed by the existence of other bubbles
on the flow field [4]. Because of the random character-
istics of the turbulent eddies and bubble oscillations, a
bubble sees the increased drag due to other bubbles in
essentially the same way as in Newton’s regime for a
solid-particle system where Cp, is constant under a
turbulent flow condition.

Hence, we postulate that, regardless of the differences
in Cp,, in these regimes, the effect of increased drag can
be predicted by the same expression [4]. Under this as-
sumption, Eq. (45) may also be used for the distorted-
bubbly-flow regime with the appropriate v;..

Apg. + Mg )o }1/4
Vej =ﬂ{(7
{({(Var)) .
18.67(1 — <ag>)5/2{w }1/2

Ap g:+Mpo
X

37
L 17.67(1 = ()7 { Al |
(50)

In a churn-turbulent-flow regime, some bubbles
should have reached the distortion limit corresponding
to the cap-bubble transition. This limit can be given by
the Weber-number criterion based on the drift velocity as
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Due to the entrainment of bubbles in a wake of other
bubbles and the coalescence and disintegration caused
by the turbulence, the average motion of the dispersed
phase is mainly governed by those bubbles that satisfy
the Weber-number criterion. Thus, the drag force for a
churn-turbulent flow is given by [4]

Fp = —1Chpe (V) [(Ve)|m(rs)”  with Cpy =&, (52)

Therefore, in a standard form,

Fp = —3Copy (v (ve)|m(r)*  with Cp = 3(1 — (a))*.
(53)

Hence, by balancing the drag force with the pressure
force, we obtain

PN

Apg. (1 — (o)) + Mg '
X{ Apg. + My~ } ' 9

When the volume of a bubble is very large, the shape
of the bubble is significantly deformed to fit the channel
geometry. The diameter of the bubbles becomes ap-
proximately that of the pipe with a thin liquid film
separating the bubbles from the wall. The drag force for
a slug flow is given by [4]

Fo = —3Cop(vn)|(ve)|m(ry)”  with Cp = 9.8(1 — ()’
(35)
Hence, by balancing the drag force with the pressure

force and the assumed bubble radius to be (r,) ~ D/2
[4], we obtain

(801 — (29) )] BT

pr(1 = (o))
Then, we summarize the obtained results as follows.

Bubbly flow:
1/4
() = va{ Bret el

(W) =037

Pi
5/2 Ape:(1—(op)) 40ty 12
) 18.67(1 — ()" { A5l eette |
T 37"
1+17.67(1 — <“g>)6/7{%}
(57)
Slug flow:
{Ape.(1 — () +MF}D] .

.\ = 0.37 ' 58
(Ve)) { pr(1 = {og)) -
Churn flow:

Apgz+M )0 ik
() = va{ (Boe e}
2
i 1/4
. {Apgz(l <ag>)+MF} , (59)
Apgz +MF00

For gravity dominant flows, the above equations are
simplified to Ishii’s equations [4] as follows:

Bubbly flow:

() = V3 ( 225 T (60)
Slhug flow:

(V) :0.37(Appgf~"D)l/2. (61)
Churn flow:

() = V3 ( 225 " (62)

3.2. Annular two-phase flow

In annular two-phase flows, the relative motions
between phases are governed by the interfacial geome-
try, the body-force field, and the interfacial momentum
transfer. The constitutive equation for the gas-drift ve-
locity in annular two-phase flows has been developed by
taking into account those macroscopic effects of the
structured two-phase flows. Ishii [4] derived the aver-
aged drift velocity as

Ve = (V) + (Co — 1){j)

1 - <°‘g>
- 1/2
() o+ { 1 s}
. Apg-D(1 — (o))
X ((]) + 00150, . (63)

This expression may further be simplified for p,/p; < 1
as

. <U>+

(og) + 44/ pg/ pr

Apg.D(1 — (u))
0.015p, '

(64)

4. Distribution parameter
4.1. Dispersed two-phase flow

Ishii [4] developed a simple correlation for the dis-
tribution parameter in bubbly-flow regime. Ishii first
considered a fully developed bubbly flow and assumed
that the distribution parameter would depend on the
density ratio, p,/p; and on the Reynolds number, Re
defined by (js)D/v¢. As the density ratio approaches
unity, the distribution parameter should become unity.
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Based on the limit and various experimental data in fully
developed flows, the distribution parameter was given
approximately by

Co = Cx(Re) = {Cu(Re) = 114/ py/pr (65)

where C, is the asymptotic value of Cy. Here, the den-
sity group scales the inertia effects of each phase in a
transverse void distribution. Physically, Eq. (65) models
the tendency of the lighter phase to migrate into a
higher-velocity region, thus resulting in a higher void
concentration in the central region.

For a laminar flow, C is 2 [4], but due to the large
velocity gradient, Cj is very sensitive to (a,) at low void
fractions. Recently, Hibiki and Ishii [10] developed C,.
correlation in a turbulent bubbly flow as

Coor = 1.2{1 — exp(—22(Ds,)/D)}, (66)

where Dg,, is the bubble Sauter mean diameter, which
can be predicted by the following correlation [11].

bsm — 1.991/7670.335%70.239’ (67)

Wherqvﬁs,n = (Dsn)/Lo, Lo = \/a/(gAp), Lo = Lo/Dy
and Re = (((¢)"/*Lo'*)Lo)/v;. The energy dissipation
rate per unit mass, & can be given by
j d
() = g(jo) exp(—0.000584Re) + ) ( - _p)
Pm dz F

x {1 — exp(—0.000584Re)}. (68)

The pressure loss per unit length due to friction can be
calculated from Lockhart-Martinelli’s correlation [12].
The applicability of Eq. (66) has been confirmed for the
experimental conditions such as 0.262 < (ji) < 5.00 m/s,
25.4< D <60 mm, and 1.40 mm < (Dsy). Since Eq. (66)
is rather complicated and its applicability is limited by
the validated experimental range, C.; = 1.2 proposed
by Ishii [4] or C,, = 1.05 based on available distribution
parameters determined by local flow measurements [10]
may still be utilized by accepting a certain prediction
error for simplicity.

Taking account of the flow transition from a laminar
flow to a turbulent flow, C,, in bubbly-flow regime may
be approximated by

Cy = 0.l eXp(CRE) + th{l - eXp(CRe)}7 (69)
The coefficient, ¢, may roughly be estimated to be

—0.000584 by the condition of exp(cRe)=0.5 at
Re = 1189. Thus,

Cao = 2.0exp(—0.000584Re) + 1.2{1 — exp(—22(Dsn)/D)}
x {1 — exp(—0.000584Re)}.

(70)

Experimental data suggest that C, in slug, and churn
flows may be approximated to be 1.2 [4]. Then, we ob-
tain the following results.

Bubbly flow:
Co = 2.0exp(—0.000584Re) + 1.2{1 — exp(—22(Dsn)/D)}
x {1 — exp(—0.000584Re)} — [2.0 exp(—0.000584Re)
+ 1.2{1 — exp(—22(Dsnn)/D)}

% {1 — exp(—0.000584Re)} — 1]\/2:? (71)
Slug flow:
Co=12-02y/p,/pr. (72)
Churn flow:
Co=12-024/p,/ps. (73)

The validity of the above equations has been confirmed
in the previous studies [4,10].

4.2. Annular two-phase flow

In separated flows, local relative velocity between
two phases can not be defined. If small liquid droplets
are entrained in the gas core or small gas bubbles are
entrained in the liquid film, local relative velocity may be
approximated to be zero, resulting in ((¥;) = 0. Thus,
we have

1= () Ap g:D(1—(a15))
— (g 0.015p,

1+ - + 1.
1475(1— (%)) Py 12 ( 0 )
(og) + rn

(org) Pt

CU ~

(74)

This expression may further be simplified for p,/p; < 1
as

| Apg-D(1—(ag))
— (o) " 0,(.)15pg s (75)
(tg) + 41/ P/ Pr )

The validity of the above equation has been confirmed in
the previous study [4].

Com

5. Results and discussions

5.1. Example computation of newly developed one-dimen-
sional drift velocity

In this section, an example computation of the newly
developed constitutive equations for one-dimensional
drift velocity will be performed for dispersed two-phase
flows. The figure at the upper left of Fig. 1 shows an
example computation of the newly developed constitu-
tive equations for one-dimensional drift velocity in the
(i) vs. ((Vy;)) plane. The computational conditions are
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Fig. 1. Example computation of newly developed constitutive equations for drift velocity.

D =10.0 mm and (o) = 0.10. The value of D =10.0
mm is about the hydraulic equivalent diameter of the
flow channel in 17x17 bundle PWR fuel assembly or
9x9 bundle BWR fuel assembly. Heavy solid, broken
and dotted lines indicate the void-fraction-weighted
mean drift velocity calculated from the newly developed
equations for bubbly, slug, and churn flows, respec-
tively. On the other hand, thin solid, broken and dotted
lines indicate the void-fraction-weighted mean drift ve-
locity calculated from Ishii’s equations [4] for bubbly,
slug, and churn flows, respectively. The values of ((V;,))
calculated by Ishii’s equations are independent of the
superficial liquid velocity, whereas the values calculated
by the newly developed equations are increased by the
superficial liquid velocity due to the increased frictional
pressure gradient. The figure at the upper right of Fig. 1
shows the difference between ((V;)) calculated by the
newly developed equations and Ishii’s equations for the
example computation shown in the figure at the upper
left. The difference between ((V;)) calculated by the
newly developed equations and Ishii’s equations is de-
fined by

Ey [%] _ ‘<<V'>><<_V:/<>[>/g/>>lshu| % 1007 (76)

where the subscript of Ishii means the value calculated
by Ishii’s equation for respective flow regime. In bubbly-
flow and churn-flow regimes, the difference between
((Ve;)) calculated by the newly developed equations and
Ishii’s equations for (jr) <2.0 m/s and (j¢) <3.3 m/s are
estimated to be within £10% and +20%, respectively. In
slug-flow regime, the difference between ((V,;)) calcu-
lated by the newly developed equations and Ishii’s
equations for (jr) <1.0 m/s and (j;) < 1.7 m/s are esti-
mated to be within £10% and +20%, respectively. Thus,
for relatively low liquid velocity, the difference between
((Vq;)) calculated by the newly developed equations and
Ishii’s equations is insignificant. In such flow conditions,
Ishii’s equations, which is the approximate form of the
newly developed equations, give fairly good estimations
of ((¥)) as already proved experimentally [4,10].

The figure at the lower left of Fig. 1 shows an ex-
ample computation of the newly developed constitutive
equations for one-dimensional drift velocity in the (j¢)
vs. Vg; plane. Heavy solid, broken and dotted lines in-
dicate the mean drift velocity calculated by Eq. (9) with
the newly developed equations for bubbly, slug, and
churn flows, respectively. On the other hand, thin solid,
broken and dotted lines indicate the mean drift veloc-
ity calculated by Eq. (9) with Ishii’s equations [4] for
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bubbly, slug, and churn flows, respectively. In this ex-
ample computation, Eq. (71) is expansively used for the
estimation of the distribution parameter for bubbly-flow
regime. As can be seen from Eq. (71), the distribution
parameter is dependent on the superficial liquid velocity.
For example, as the superficial liquid velocity increases
from 0.50 to 10 m/s keeping the void fraction at 0.10, the
value of the distribution parameter for bubbly-flow re-
gime estimated by Eq. (71) decreases from 1.24 to 1.11.
This tendency agrees with the experimental observation
such that the void fraction distribution becomes flatter
for higher liquid velocity [13]. Egs. (72) and (73) are used
for the estimations of the distribution parameters for
slug-flow and churn-flow regimes, respectively. Since the
values of the distribution parameter for all flow regimes
tested in this calculation are larger than unity, the values
of ¥; are increased by increasing the mixture volumetric
flux (see Eq. (9)). The figure at the lower right of Fig. 1
shows the difference between V; calculated by the newly
developed equations and Ishii’s equations for the ex-
ample computation shown in the figure at the lower left.
The difference between V,; calculated by the newly de-
veloped equations and Ishii’s equations is defined by

Ewm [%] = W = Vol 19 (77)
Vei

In bubbly-flow and churn-flow regimes, the difference
between V;; calculated by the newly developed equations
and Ishii’s equations is about £10% even for high mix-
ture volumetric flux such as (j) = 10 m/s. In slug-flow
regime, the difference between 7 calculated by the
newly developed equations and Ishii’s equations is lower
than £10% for (j)<4.18 m/s. Since the term of
(Co — 1)(j) for slug-flow and churn-flow regimes is
dominant in determining V,; for high mixture volumetric
flux, the prediction error in ((V,;)) may not affect the
prediction error in 7, significantly. As a consequence,
for slug-flow and churn-flow regimes Ishii’s equations,
which is the approximate form of the newly developed
equations, give fairly good estimations of V,; even for
relatively high mixture volumetric flux. However, in
bubbly-flow regime, the distribution parameter can be
unity or negative. Thus, since the term of (Cy — 1)(j) for
bubbly-flow regime can be comparable to ((V;)) even
for high mixture volumetric flux, the prediction error in
V,; may reach the prediction error in ((V,,)), see figure at
the upper right of Fig. 1.

5.2. Verification of newly developed constitutive equations
for drift velocity

An accurate measurement of the relative velocity
between phases in various flow regimes is indispensable
to evaluate the newly developed constitutive equations
for drift velocity experimentally. However, no data bases

on the relative velocity except bubbly-flow regime are
available due to the difficulty of the accurate measure-
ment. The contribution of the drift velocity to the gas
velocity or the contribution of ((Vy;)) to V; would be
rather small for flow regimes such as slug, churn, and
annular flow regimes, whereas it would be significant for
bubbly-flow regime. Thus, it is important to evaluate the
newly developed constitutive equations for drift velocity,
particularly, in bubbly-flow regime with drift velocities
determined from measured local flow parameters. Al-
though several data bases in bubbly-flow regime are
available for relatively low superficial liquid velocity
such as (jr) < 1.4 m/s [10], only two data bases in bub-
bly-flow regime [13,14] are available for relatively high
liquid velocity such as (jr) > 2.0 m/s where the difference
between the drift velocities calculated by the newly de-
veloped equations and Ishii’s equations will be marked.

These two data bases were obtained by the present
authors at the Thermal-hydraulics and Reactor Safety
Laboratory in Purdue University [13,14]. The present
authors measured local flow parameters of adiabatic air-
water bubbly flows in vertical pipes with inner diameters
of 25.4 and 50.8 mm. Local measurements of void
fraction and gas velocity were performed by using the
double sensor probe method. On the other hand, local
measurement of liquid velocity was conducted by using
hotfilm anemometry. Data was taken at three different
axial locations as well as fifteen radial positions. For
D =254 mm, a total of 75 (=25x3) data sets were
acquired consisting of 25 flow conditions and 3 axial
locations (z/D = 12.0, 65.0, and 125) [14], and for
D =50.8 mm, a total of 54 (=18x3) data sets were
acquired consisting of 18 flow conditions and 3 axial
locations (z/D = 6.00, 30.3, and 53.5) [13]. Thus, data
sets in developing and fully-developed flows are avail-
able. The detailed discussions of local flow parameters
are found in our previous papers [13,14].

Figs. 2 and 3 show the comparisons of drift velocities
predicted for bubbly and slug flows with the drift ve-
locities determined by Eq. (10) from local parameters of
fully-developed flows measured at z/D = 125 in the 25.4-
mm diameter pipe and at z/D = 53.5 in the 50.8-mm
diameter pipe, respectively. In these figures, the solid
and broken lines indicate the drift velocities calculated
by the newly developed equations and Ishii’s equations,
respectively. Unfortunately, the scatter of data points
appears to be rather large for relatively high liquid ve-
locity where the difference between the drift velocities
calculated by the newly developed equations and Ishii’s
equations will be marked. As can be seen from Eqgs. (8)
and (10), the uncertainty of the void-fraction-weighted
mean drift velocity estimated from the measurement
would mainly be attributed to the measurement error of
the relative velocity between phases, which can be cal-
culated by subtracting the liquid velocity from the gas
velocity. When the measurement errors for gas and lig-
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Fig. 2. Comparison of newly developed constitutive equations for drift velocity with experimental drift velocities obtained in fully-

developed bubbly flows in a 25.4-mm diameter pipe [14].

uid velocities are *10%, the uncertainty in the void-
fraction-weighted mean drift velocity can roughly be
estimated to be *40%, *80%, and £400% for the
gas velocities of 0.5, 1, and 5 m/s, respectively, from
the error propagation. Here, the void-fraction-weighted
mean drift velocity is assumed to be 0.25 m/s in the error
estimation by conservative estimate. Thus, it would be
very difficult to make a quantitative discussion based on
the data for (jr) > 1.0 m/s due to considerably large
error. As an indication of the measurement error, the
error bars for £30% for relatively low velocity such as
(jr) < 2.0 m/s and for +60% for relatively high velocity
such as (j;) = 2.0 m/s are shown in the figures.

As can be seen from Figs. 2 and 3, the measured void-
fraction-weighted mean drift velocities for relatively low
liquid velocities such as (j;) < 2.0 m/s appear to decrease
with the increase in the void fraction. As expected from

the example computation discussed in the previous sec-
tion, the differences between the drift velocities in bub-
bly-flow regime calculated by the newly developed
equation and Ishii’s equation are rather small, and both
equations can represent the dependence of the drift ve-
locity on the void fraction marvelously. For higher liquid
velocities such as (jr) > 2.0 m/s and (o) > 0.15, the
measured void-fraction-weighted mean drift velocities
come to agree with the calculated drift velocities in slug-
flow regime rather than the calculated drift velocities in
bubbly-flow regime. This may be attributed to the flow
regime transition from bubbly flow to slug flow. It was
observed experimentally that the formation of cap bub-
bles was initiated at (o) = 0.15 for relatively high liquid
velocity due to strong bubble-bubble interaction [13,14].
Although the measurement errors in the drift velocity are
considerable for relatively high liquid velocity, the newly
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Fig. 3. Comparison of newly developed constitutive equations for drift velocity with experimental drift velocities obtained in fully-

developed bubbly flows in a 50.8-mm diameter pipe [13].

developed equation for slug-flow regime seems to give
predictions for the measured drift velocities better than
the approximated form of the newly developed equation,
namely Ishii’s equation.

Fig. 4 shows the example comparisons of drift ve-
locities predicted for bubbly and slug flows with the drift
velocities determined by Eq. (10) from local parameters
of developing flows measured at z/D = 6.00 in a 50.8-
mm diameter pipe. In the figure, the solid and broken
lines indicate the drift velocities calculated by the newly
developed equations and Ishii’s equations, respectively.
As an indication of the measurement error, the error
bars for £30% for relatively low liquid velocity such as
(jr) < 2.0 m/s and for +60% for relatively high liquid
velocity such as (ji) > 2.0 m/s are shown in the figure.
Similarly to the fully-developed flows, the differences
between the drift velocities in bubbly-flow regime cal-

culated by the newly developed equation and Ishii’s
equation are rather small for relatively low liquid ve-
locities such as (jr) < 2.0 m/s, and both equations can
represent the dependence of the drift velocity on the void
fraction marvelously. For higher liquid velocities such as
(jr) = 2.0 m/s and (o) > 0.15, the measured void-frac-
tion-weighted mean drift velocities come to agree with
the calculated drift velocities in slug-flow regime rather
than the calculated drift velocities in bubbly-flow re-
gime. Although the measurement errors in the drift-ve-
locity are considerable for relatively high liquid velocity,
the newly developed equation for slug-flow regime seems
to give predictions for the measured drift velocities
better than the approximated form of the newly devel-
oped equation, namely Ishii’s equation. Thus, it may be
concluded that the newly developed equations can be
applicable even to a developing flow.
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Fig. 4. Comparison of newly developed constitutive equations for drift velocity with experimental drift velocities obtained in devel-

oping bubbly flows in a 50.8-mm diameter pipe [13].

The effect of the wall friction on the drift velocity
would be significant for some extreme flow conditions
such as very high liquid flow and microgravity condi-
tions. Thus, the precise formulation of the drift velocity
presented in this study will be important for such ex-
treme flow conditions. In order to reevaluate the newly
developed constitutive equations for drift velocity, ex-
tensive experimental works to obtain accurate data
bases for such extreme flow conditions should be ad-
dressed in the future study.

6. Conclusions
In view of the practical importance of the drift-flux

model for two-phase flow analysis in general and in the
analysis of nuclear-reactor transients and accidents in

particular, the distribution parameter and the drift ve-
locity have been studied for various flow regimes. The
obtained results are as follows:

(1) The constitutive equations that specify the distribu-
tion parameter in various flow regimes have been
discussed briefly.

(2) The constitutive equations that specify the relative
motion between phases in various flow regimes have
been derived by taking into account the effect of
the wall friction on the relative velocity between
phases.

(3) The example computation of the newly developed
constitutive equations for drift velocity has been per-
formed, and the newly developed equations have
been compared with the approximated form of the
newly developed equations, namely Ishii’s equations.
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(4) A comparison of the newly developed constitutive
equations for drift velocity with fully-developed
bubbly-flow data shows a satisfactory agreement.
It has also been confirmed experimentally that the
newly developed equations can be applicable to de-
veloping bubbly flows.

(5) For relatively low liquid velocity conditions, the dif-
ference between the drift velocity calculated by the
newly developed equations and Ishii’s equation is in-
significant, whereas the difference comes to be signif-
icant for relatively high liquid velocity conditions.
The example computation for D = 10.0 mm and
(o) = 0.10 indicates that the difference reaches to
70% at (jr) = 10 m/s.

Acknowledgements

The authors wish to thank Prof. J.Y. Lee (Handong
Global University, South Korea) for his fruitful dis-
cussion. Part of this work was supported by the Grant-
in-Aid for Scientific Research from the Ministry of
Education, Science, Sport and Culture (no.: 14580542).

References

[1] J.M. Delhaye, Equations fondamentales des écoulements
diphasiques, Part 1 and 2, CEA-R-3429, France, 1968.

[2] M. Ishii, Thermo-fluid Dynamic Theory of Two-phase
Flow, Eyrolles, Paris, 1975.

[3] N. Zuber, J.A. Findlay, Average volumetric concentration
in two-phase flow systems, J. Heat Transfer 87 (1965) 453—
468.

[4] M. Ishii, One-dimensional drift-flux model and constitutive
equations for relative motion between phases in various
two-phase flow regimes, ANL-77-47, USA, 1977.

[5] M. Ishii, Thermally-induced flow instabilities in two-phase
mixtures in thermal equilibrium, Ph.D. Thesis, Georgia
Institute of Technology, GA, USA, 1971.

[6] A. Tomiyama, I. Kataoka, I. Zun, T. Sakaguchi, Drag
coefficients of single bubble under normal and micro
gravity conditions, JSME Int. J. Ser. B 41 (1998) 472—
479.

[7] R. Clift, J.R. Grace, M.E. Weber, Bubbles, Drops, and
Particles, Academic Press, New York, USA, 1978.

[8] M. Ishii, K. Mishima, Two-fluid model and hydrodynamic
constitutive relations, Nucl. Eng. Des. 82 (1984) 107-126.

[9] A. Serizawa, 1. Kataoka, I. Michiyoshi, Turbulence struc-
ture of air-water bubbly flow—II. Local properties, Int. J.
Multiphase Flow 2 (1975) 235-246.

[10] T. Hibiki, M. Ishii, Distribution parameter and drift
velocity of drift-flux model in bubbly flow, Int. J. Heat
Mass Transfer 45 (2002) 707-721.

[11] T. Hibiki, M. Ishii, Interfacial area concentration of
bubbly flow systems, Chem. Eng. Sci. 57 (2002) 3967-3977.

[12] R.W. Lockhart, R.C. Martinelli, Proposed correlation of
data for isothermal two-phase, two-component flow in
pipes, Chem. Eng. Prog. 5 (1949) 39-48.

[13] T. Hibiki, M. Ishii, Z. Xiao, Axial interfacial area transport
of vertical bubbly flows, Int. J. Heat Mass Transfer 44
(2001) 1869-1888.

[14] T. Hibiki, M. Ishii, Experimental study on interfacial area
transport in bubbly two-phase flows, Int. J. Heat Mass
Transfer 42 (1999) 3019-3035.



	One-dimensional drift-flux model and constitutive equations for relative motion between phases in various two-phase flow regimes
	Introduction
	One-dimensional drift-flux model
	One-dimensional drift velocity
	Dispersed two-phase flow
	Relative motion in single-bubble system in confined channel
	One-dimensional relative velocity of dispersed flow in confined channel

	Annular two-phase flow

	Distribution parameter
	Dispersed two-phase flow
	Annular two-phase flow

	Results and discussions
	Example computation of newly developed one-dimensional drift velocity
	Verification of newly developed constitutive equations for drift velocity

	Conclusions
	Acknowledgements
	References


